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A General Algorithm for Deriving Constraint of Contact
between Polyhedra from Geometric Model
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When a body is under bilateral constraint, the constraint condition for the body is represented as

homogeneous linear equations of velocity and force and their solution set for velocity is an orthogonal

complement of that for force.

In case of unilateral constraint, the condition is represented as homo-

geneous linear inequalities generally and their solution set for velocity is a dual polyhedral convex

cone of that for force.

However, no general method has been proposed yet for deriving such constraint condition automa-

tically, when a body contacts another body in an arbitrary state.

In this paper, we propose a general algorithm for deriving constraint of contact between bodies from

geometric model of a body and working environment constraining it.

plemented in EusLisp.

arbitrary shape contacts another one in an arbitrary state and therefore very general.

The algorithm has been im-

The algorithm is able to be applied in the case that a polyhedron with an

We believe it

becomes a key technology for the analysis, planning and control of constrained motion and the assembly

sequence planning.
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Fig. 1 Separating plane
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Fig. 2 Hierarchy of geometrical object
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Table 1 Slots of objects

%L ERRT AR, ZORDO 1 bl I foee edge
slot name value slot name value slot name | value
= )
Fﬁﬁ‘ﬁﬁ) bR % R & %ﬁﬁ TH%. worldcoords | coordinates || normal,distance | face equation || pvert starting vertex
PE-T, EfMESDEESNESATII box minimal box [ edges edge list nvert ending vertex
%LERSIBEEL, oS faces face list vertices vertex list place left face
’ edges edge list convexp convex flag nface right face
0)&]@ @éf @JE,‘?W:%H% *@ﬁ & vertices vertices list
i 5. convexp convex flag
%ﬁm‘ £% constraint constraints
GE®) fH&sR.
TOEER L hFx IO, f
%i); ( 4) ﬁ'@iéhéﬁf&&biﬁﬁfﬁﬁﬁ LTWw3 1 l “constrained-point
slot name value
. > D
BEDATHS. TDL5IHE, BRI O position position of constrained point
FERIT I biswv. COBRERERLE &, BEfE0E hisface one of faces constraining body- at constrained point
AN B - BATS IR DEARITIE B— m_\'ntri{ghl)orlmml sell’s n(-‘ighhors.a.t constrained point
condition constraint conditions

BB A ORAAIT, KR TEL bhb.
L N(k) M(k,1
A ’mefk(‘g‘)zo

k=11=1 Jj=1

Li3&ffiaRESo%chs.
3. FHEFHHMHTILIUXL
AT, IS TRNETEICEST, SRy

(20)

I,

_body

:constraint
\\ :contact-vertices

:contact-edges \

face \

:contact-edge :contactp

contact-to-constraint

edge constrained-point
:contact [N :to-convex
:neighborpoints :analyse-contact

face-contact
edge-edge-contact
edge-vertex-contact

vertex-vertex-contact

plane ‘

:separation

Fig. 3 Structure of the Algorithm

JRSJ Vol9 No.4

th LR OKM T T LALBEN S, HWREGLER
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Common Lisp ™+ 7+, +, EusLisp® #H\TA1 v
FY AV FEIRTWE. A7V =2 P ELTERINRT
WHEMETLOBEFROEBREY Fig. 2 wRT. =
T, coordinates [XEEEERD D\ IEELBRLYET 7
5 A, cascaded-coords |3 EER OB FRGRYEET S
7 5 A, body 134 HE{k, bounding-box II8EH x, 9,2
BCFITCTHBEHED 7 7 A THh %. line [XER,
edge |35, plane |[IER D\ FEE, closed-region i1
B h I FEOFIR, face XNESLEHEEOHED
2SATHB. EhA7T P27 DR wy MERY,
Tablel iz;54. Z =T, constrained-point |3 85H#JEK
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WEOEO—2, GHRARKTSB5EF O, #
HWHRACRTHEHREED 4 DDA Ry baEED, HK
OB OB WS, LTRRT £V » FRTR,
£I7FADA VAR Y ADIERIL
(instance 7 5 244)

LERRETS. ik, sl REASHIDOA 7V =7 F &g
TERLLELTHES. b, self DA R, MIBKA
7y PRTERL, oA 72 =27 bDRAR, M,
T2 VR Amy M4
EWSEIRTRT. 2V » FOREN,
(send #7224 2V o N4 515
LW TS,

TN TY XastkokisEy Fig. 3 wrRrd. 742
AALD by 7 UL, body ® # ¥, F : constraint
ThbH. ZDAV v FHLREhSB, 75 R body 0 2
Y » F @ contact-vertices & : contact-edges i X g
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:constraint (b)
1. if (send boz :contact b’s bor) is empty then
self is no‘l in contact with b. Terminate the algorithm
2. mycontact — (send self :contact-vertices b) + (send self :contact-edges b)

3. hiscontact — (send b :contact-vertices self) + (send b :contact-edges self)

4. constraint — tact-t. aint ( tact hiscontact)

Fig. 4 Body’s method : constraint

E o TV AN, FMFRADOME L RD S 7D DL
BThB. hicwt LT, Bi¥ contact-to-constraint
CEDIAE > TOHAER, MfO#ERCESNT,
FEMHRACE T 5 HESGMEERDHQUE T, 77 A
constrained-point ¢ x ¥ , I : analyse-contact |Z X
hIRELGSEEh, REMCIL7 5 A planeD 2V
F : separation |Z X %, » % FHADEEEIC/LENE
S5hoHETIRETS.

P, Thboxy , VB OBELELEBCTS.

body ™ £ vV, F : constraint Z%H{k self H&EAED
HHEFBHRD, FMMRADOMNE & MR E L%
RKDdD. A7) RE (16) KERDBZ LML LT
Wh, Zhhb, ADREHAGTY 2 €f7FERD
HE, BREMLEREHERTH S (20) RAKRES.

body @ £ ¥ ,, F : contact-vertices Z[Hi{A b izl L
T self IR, XIGT5 b oEfE, MESD
TS THB Li- self OfEdRD 5.

body @ # v o, I : contact-edges Z[Hifk b OFEIcHfik
LT\ 5self ODOA A, LT 5 b o, ¥
RO F 1o XFEA TR Licself B2 RD 5.
T 2T, Sk D ICER LTy self DBEORAT
117K, bOBEMLTVWILDERDTVE S
LREEI R,

bounding-box @™ # ¥ , F :contact self & box Al
BLTOBENEI DEF =y 735, ERLTVS

B3, FEOKBERHEY, LTWAWEEIR nil &

&

face D4 v oy V. contactp 5 p A self icgEfil LT
BNEINEF =2 Th. BEMLTWSEER
inside, $5H ko & ¥ (3 border, EEfhL T 7ol
& ¥(% outside %3R3,

face ® # ¥V , F : contact-edge Hiel L self 23E(TT
ok ¥, ‘el & self @ K hh 0k : OBl S %R
.

edge ® £V » ¥ :contact self DRNE LTEe & Db
EERRD L. B LTWARVLEAE, nil 2ET.

constrained-point ® £ ¥ y F : to-convex HE{fiHIH &
OMTHRVEEY, MESORESICERT 5.

BA¥ contact-to-constraint &% %:{H#yER ST 5 HIE

BRr Ay PELEE 9B4F

GEaRD 5.
constrained-point ® £ ¥ , | : analyse-contact [%y
DR SR & OB HFE T self &, HEOHEMAL
FOEERZE T hispoint 25, BT 5B
SGEERD .
BA¥ face-contact EEEMEFHOMTEINLBED
WHREHEZRDS.
BI¥ edge-edge-contact BEDMMAE S LTHEAAL T
DHEOMREMELRDS. -
BA%: edge-vertex-contact FE Py L TH S THfk LT
WEBEOMEEEERD .
BA% vertex-vertex-contact JE5 & TH& T LT
HEOWREHFEZRD . )
edge @ # ¥ , } : neighborpoints self @ﬁﬁé%i*}'
KD 4EDY A F&IKET. self k5T point &%
RirdH, £ oL point A THREE DA,
self » pface g, self » nface L.
plane ® £ v ,, | : separation [fj self #% mypoints &
hispoints DY BEEIC /L BN E Sk F = » 7T 5.
SYBEEC e A1, mypoints fliCE < BRI
whbeic, self OB F v RIET, SEEC
b WBAE R, nil RS,
F, Eiesxv .y FERBOFMEHIHETS.
body @ £ ¥ ,, ¥ : constraint % Fig. 4 [&/R+. AT
v 7 1%, &4 DSEERE ¥ h 5 R0 bounding-
box &5 LAMER L TWABNLEINDF = » 7T, Hih
LTnWiWetEZ 74 TY) XA TTH. AT 572
TiX, A Yy I :contact-vertices & & b, HHEHEDIC
B LT 5self 0JHA, WIET 5 b oA, MES
DOFESTERE LI self oL gL RD, 2V y V!
contact-edges =X b, ZHEAboBEcEM L T3
self DEOME, BME, AHEERDTWE. AT 7
31, AMUAE%X self L bEHPIC LTITR->TwA. &
DX 51g, self &b DOIEM LD A OHEAMIRELHN
g, 0 KoM AzLTRES. LKL, 20
HEERE & MR A M S/ AL, TTRIcEH
BT B0, WREHLGETIEMTHD. A7 » 7
4 T3, BI¥ contact-to-constraint iz X b, &4 D%
MR SR T A WREEERDS. 22T, AT 7
2 & 3DMEoMERT. Fig.513, BEHRARBIC
IOHHWRIRTVWBETHS. BT, 275 72T, |
5 &b 8 FKE THHEA : contact-vertices 1wk HRZF
D, 1&EH»D 4FEF TOAM : contact-edges 1Tk HR
¥5%. AT 9y 73TiE, 1EBENLE8FETOENELT:
contact-vertices X h k¥ 5. Fig. 6 1, 1&FE5
FOEMPR A OEELMEROMESTTIE LT
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Fig. 5 Equivalent Contact Points

H%. 1BOEADEHEL2 2OBOEFEORE, 5%
DEADEBHL 3 DOFEDEBEOMHHEINS.
body DAYy K : contact-vertices % Fig. 7 izR~7.
ATy 75Tk, bREMLT\%self DIEELZRD,
= ¥ position 2 m» , + D & L, b OEEARTE % hisface
An .y FDfEE3T%, 75 A constrained-point DA v
AEVARERLTWAB. AT » 76 Tik, self Dk
HENS, Thhi#s self oF~D X, 72 K1 vak
myneighborhood 2 r ,, bz, F LTS, AT, 7
7 Tk, self DL MTHWEEIC, Fh% constra-
ined-point ™ 4 ¥ , F : to-convex iz X h, [WEED

:contact-vertices (b)
1. cbox « (send boz :contact b’sbox)
2. if chox is empty then
self is not in contact with b. Terminate the algorithm
3. myvertices « self’s edges in chox
4. hisfaces « b's faces in cbox
5. for each vertex v of myvertices

for each face f of hisfaces
if (send f :contactp v) is not outside then
p « (instance constrained-point)
p.position « self’s contacting vertex
p.hisface — one of b’s contacting face

conp « conp + p

o

. for each clement p of conp

p.mynciborhood « self’s edges in contact with the vertex

=~

. for each eclement p of conp
(send p :to-convex)
8. return conp

Fig. 7 Body’s method : contact-vertices
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Fig. 6 Decomposition of neighborhoodjto
Convex Set

FEECEBR LTS, 202V » FOFEMTELD,
HAEWEZTL, BrLEADA y 7 H:4 v 2RI
2> TfT»T, TRVER RO E OmMOE Tl
BRI LT, (T)ROBIEHEELTICERTS &
5b0ThH%B.

body @ # ¥ ,, F : contact-edges % Fig. 8 /77
AT v 75 T, self DBEORNEID OEcEA LT\
LigE1, face ® 2 v, F : contact-edge T,
ZOEMEOME L, TOEMAELRD TS,

BA%L contaét—to-constraint % Fig. 9 iwr3. o
BA%t D3 (L, 7 7 A constrained-point DA v R & v
ADYRAFTHB. AT » 71Tk, bgEMLTH3

:contact-edges (b)
1. cbor « (send bor :contact b’box)
2. if chor is empty then

self is not in contact with b. Terminate the algorithm

4

myedges « self’s edges in choz

-

. hisfaces «— b's faces in chor

o

for each edge ¢ of myedges

for each face f of hisfaccs
if (send [ :contact-edge c) is not empty and not an element of conp then
p « (instance constrained-point)
p-posilion « contacting point on e
p.hisface — one of b's contacting face
if plane angle of ¢'s dihedral angle < 7 then
p.myncighborhood «— ((contacting self’s edge))
conp «— conp + p
else
p.myneighborhood « ((left face of contacting self’s Méc) (right face
of contacting sclf’s edge))
conp «— conp + p

6. return conp

Fig. 8 Body’s method : contact-edges
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tact-to-constraint(;

hiscontact)
1. while mycontact is not empty do

point «— one element of mycontact
anotherpoint «— empty
for each element hispoint of hiscontact
if point.position = hispoint.position then anotherpoint + hispoint
if anotherpoint is not empty then
constraints «— constraints + (send point :analyse-contact anotherpoint)
hiscontact «— hiscontact — another — point
else
p «— (instance constrained-point)
p.position «— point.posilion
p-condition « normal vector of po‘inl.hisjuce

conslraints «— constraints + p

mycontact « mycontact — point
2. while hiscontact is not empty do

point « onc clement of hiscontact

p + (instance constrained-point)

p.position «— point.posilion

p.condition «— —1.0x normal vector of point.hisfacc
constraints «— constraints + p

hiscontact «— hiscontact — point

3. return constraints

Fig. 9 Function contact-to-constraint

self DJHA L, self LT 5% b DIHM LB,
R EAERDH BN E S DERFESTNE. Zhb O%(H#HE
BT SR DI, FOER AL TEE EFONED
HERDBEDLZTHB. Z OB, COFEDHEH N7 b
Lk self OF T d Ob, = 0ECkIT DR KN
Cies R UARDBHAL, + 72 = 7 b constrained-
point AV , K 'analyse—contact TEENTT 5.

7 5 A constraind-point ® # ¥  F :analyse-
contact % Fig. 10 i=/R3. 3, Zo+2V y FTIZ,
FhrFhofMmEgoAaen, m B -HEOLDXD
AR THENENETS. Fig.6 ofijiis, 1F»
LA/BOEIELE, 5HENO8FORIEMLEOMA
HRRiD. FLT, FEICESCTEREROME
BiIT X A ME LMY, B face-contact, edge-edge-
contact, edge-vertex-contact, vertex-vertex-contact
DT EHACTRD TS,

face-contact (face sign)
1. return (normal vector of face x sign)

Fig. 11 Function face-contact

edge-edge-contact (position myedge hisedge)
1. mypoints « (send myedge :neighborpoints position)
2. hispoints « (send hisedge :neighborpoints position)
3. splane « plane including myedge and hisedge *

4. return ((send splane :separation mypoints hispoints))

Fig. 12 Function edge-edge-contact

BEr Ky MERXEE 9%4F

:analyse-contact(hispoint)
1. for each (mine, his) «— combinations of all convex subset of self’s neighborhood

and that of hispoint’s neighborhood

if mine is face then andcond «— andcond + face-contact(mine ~1.0)
if his is face then andcond « andcond + face-contact(his 1.0)

if contact between edge and cdge then andcond «— andcond +
edge-edge-contact(position mine his)

if contact between edge and vertex then andcond « andcond +
edge-vertex-contact(posilion mine his 1.0)

if contact between vertex and edgethen andcond «— andcond +
edge-vertex-contact(position his mine —1.0)

if contact between vertex and vertex then andcond « andcond +
vertex-vertex-contact(position mine his)

2. cpoint « (instance constrained-point)

@

cpoint.position — position

-~

. cpoint.condition — andcond

12

. return cpoint

Fig. 10 Constrained-point’s method :
analyse-contact -

BA¥ face-contact % Fig. 11 z/R3. LM
DRITEINLBEI, ThEROEMME— DN HEHE TS
DT, face REHFDOED & ¥ sign & —1.0, HFED
HOLEIZ1.0 LT, ZOEDEHRNZ brithidic
b DOEIET.

BA%t edge-edge-contact % Fig. 12 1277 3. BHOAS
E5 LTEMLTWA881L, TEI»D, RDDIME
o hb 2 o0BEab LB NS, ZOfkEIL1
DLARVWD, ZOEDERN 7 b B EHRER
TR b O, ROLWEEHE LS.

BS% edge-vertex—contact % Fig. 13 1w R3. BoOR
BEHATEM LTV AEAE, TEIND, RDBHG
B OBE, oMtz oBOES 2 ODEEDE
AT 1 MEFILAT » 7 2 O hispoints o 1 Sk

edge-vertex-contact (position myedge hisverter sign)
1. mypoints — (send myedge :neighborpoints position)
2. hispoints «— another verties of all edges which hisvertex lies
3. for each f « two face which myedge lies

cvector « (send f :separation mypoints hispoints)

if cvector is not nil then orcond — orcond + cvector
4. pl « a point on myedge which is not identical with position
5. for-each p2 « all clements of hispoints

splane « plane including position, p1,p2
cvector « (send splane :separation mypoints hispoints)

if cvector is not nil then orcond « orcond + cvector
6. if sign = —1.0 then reverse all element vector of orcond
7. return orcond

Fig. 13 Function edge-vertex-contact
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422 HEINBA #FRE B EBR=X

BULERDD. LA EOREEULHE LD DI,

BOBD2ODELDLDRILBDT, AT v 7 3T,
ZD2ODEMNE ANBECIENE I EF = 7 L,
SRETENC 78 B3B8 3G 3 5 H &% orcond hnz
T\ %. hispoints 10 1 EXELBE L, HELDOE
FEUHE RS, ARCTh3OBEC 55845
THREEELZEMLTWSE. ChHRRAT » 74 THS.

BE% vertex-vertex-contact % Fig. 14 73, §
MEFHATEMLTV258812, TE3INL, RDBH
BEEIZ AT » 7 3 0 bothpoint 7> 5 BA 72 2 i & #Eh &
A3 ORISR THS. ThERDTWB
DN, AT 9y 74 TH5.

LIk, EusLisp ka4 v 7V 2 v &R LE. &
TATYRAL, ATz 2 VERT v ST I v IO
Bl - T, BRI IEEESER IR TWS2, 7
NI XAHBR—BNbLOT, BEOSe S5 v
FERBTIV 7YV AV I THZLLYRTIRETHS.

4. ® 17 B

R TR 7 2 ) XA RIT LB R LT eRT.
Fig. 15 2@ f#E o5, Fig. 16 3 QK OB TH
5. R TRETRLTHSDH, Kb Ohi SR
RE, ToRRCHTHIHEEMSETH 5. Fig 15 TIRE

Ftkizxt3 s #E, Fig 16 T3 Eic#- T atkic
ST AHEEERLTHS. o, KFETIIEA

vertex-vertex-contact (position myverter hisvertez)
1. mypoints « another verties of all edges which myverter lies
2. hispoints « another verties of all edges which hisverter lies
3. bothpoints «— union set of myvertez @nd hisvertex
4. for each pl,p2 « all combination of 2 points from bothpoir;t

splane « plane including position, pl, p2
cvector « (send splane :separation mypoints hispoints)
if cvector is not nil then orcond «— orcond + cvector

5. return orcond

Fig. 14 Function vertex-vertex-contact

Fig. 16 Unilateral constraint
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WRLRKFNTHZ &7, WREHEZRD S Lok
5. -
Fig. 17 i3, FHALTEAOBM, XU, HEAELHED
EREEUHATHS. HELHEAOBEMAITRIATY
BA4DODKRME, THEEBEOEMED 2 DOKRENL, »
THLIRBMOLKHN T, 1408 ThRe Lb—
DOEGEEHICEIERV. Thbit, 20) Xo—FBHMA
DOMBRNCHIG LT\5. AL TEFEDOHART, &
ORETCEMIRIBIC 2 B & LIXHERITIEE S V. L
Lichib, ZofRicREBZHRREE LTS ETS
DTS, AUL7A TY) XATHRL B & ZADESE
DEBTHY, 7L Y XAD—BHEEXRELTWS. &
DFAWT, (20) R&ERT. v — v FEERI,
Fig 17 i/ hEWERAI TR LEEROFLEES & L,
KEGM% zic s s, ZnkE, 7—1 FEERTE
B LR &M,

0.0 1,0 0.0 —100.0
.707107 .707107 0.0 —70.7107

0.0 .816499 .577346 —81.6499
.500002 .500002 .707103 —50.0002

Fig. 17 Vertex-to-vertex and vertex-to-edge
contact
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SEHRDEMI & DR AL ST F A0 bR T B — R T V=Y Ko 423

0.0 50.0

 70.7107 35.3553 |/4
—28.8673 40.8250 < s;f>;2° @D

14.6451 25. 0001
(. 816499 0.0 .577346 28.8673 81.6499

.0 0.0 00 00  100.0
— 40,8250\ /4X
—50.0 )(9)20 22
(0.0 0.0 1.0 70.7100 —120.710 0.0)
4X x
x(Q)zo (23)
(0.0 0.0 1.0 120.710 —70.7100 0.0)
4X
x<g>20 20

75 4 DOEHAER S, XL, CDR, @R
A L 1 2DOARERXLHILTHIER .

Fig. 18 13, 7% RNlATHEEFics it 5 HR
&HEORTHS. 1% HORETIRFM e HIR S O
3, 2/BTIL10, 3FEATIX 16 7L Y, BEIHIC
ROE% CH@ETS &, 2010ind. o, FAFE
WR I NBIEOMNT, i, HHoXRCS.

Fig. 19 i3, #7221 Db BRI 1T 5 HHRRE

Fig. 18 Peg in a Hole

BERrAy MEREE 9B4F

Fig. 19 Example of Assembly

OBIT, EFROWBHMLO 2 DDFMEm, BRI BHRY
RRLTHS. ZofIIE, BEROBEMIETRTHS.
Z ok, AFHEE, HIFEFIHOGESYER TS
70, HENTEREMCL LB,

5 & b Y [

AR TIE, FERREThERE LTV AIEERED
LA EFADENELLRTVWA EEEL, ShhbfE
RGN T B NEN R EEERD L —BEOH D
T TY RARREL, Eus Lisp it a4 7Y 2 v
FHERR L. AHETEORCHERSEERE, O
FOTAL Y RAcl - TRERD S LK,
BHRMACH S B BNEN, BIRYERHWRDG
IEFARIEEIR I RD B & L FRETH 5.

A7NZY Xaik, AHEESAFURREYXHT5
Licl, EEOMROLHMG L LTENEM LTS5
AEATERER BTy TY XaTHD,
RINLBIfEOMYT, FHEE, e, MfFEFHEOH
EE Y EBT 5 b AN BRI D LELD
ha.

SHoOFELE LT, ARECKEFO 2KRMAY S
TR OB OB E~DIELETF O 5.

6. M &

AREOEEYELX TTIVE LEBTFREHMBETR
ESHMMAE Y A7 2 HRCRHLEST. ¥4, B

- HEELIBERYEVC WA ERFBTHAETRAER, |

EROERRY AT AHRER, MERY AT AHRE
RAMAERK GRABERAEEE #HH LT8R
Brray b 70— THERCEHLET.

2 ¥ X @

1) Mason, M. T, Compliance and Force Control for
Computer Controlled Manipulators, IEEE Trans.,
SMC-11, 6, pp.418-432, 1981.
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2) RIEMtE, W¥EERRE, EMESHOXRELHHKSIUEFD
HMVIFENOIEH, BX e Ky M2E3E, 6%6%,
pp- 499-506, 1988.

3) WHN—, BRERLE, BSHEHE MSEHEERYAL
few=2ta V—va vOEBE L FOIEER XU
¥~OIEH, BHRIEBHEY LRI, 244125, pp.
1284-1291, 1988.

4 HBINEA, SEBRE, FRIhICHEORKREIED
&, HRGBHIHFELEMNRHE RS AR, pp. 633-634,
1988.

5) Matsui, T. and Inaba, M., Euslisp : An Object-Based
Implementation of Lisp, Journal of Information
Processing, Vol13, No.2, 1990.

6) HBIEA, BEER, SEGAEOEMIC X 2HHEALE
RV FANLEHTH—BRT ALY XA, FHEA
HBHEFELFMABELAR, pp. 659-660, 1989.

) LRIIEA, RFRE, BEER, SEENOERC X
SERAHER TR NEM A BAE T A bRDB S
¥, BHER e Ry b ELENRELKETR, pp. 525-528,
1989.

&
[EE1] OIS
T, (9) APV hIaI-Z ki,
VAX,VXeUs(Xe) ;
FT4X>0, F3,TX>0 —
FT(X+A4X)=F4TX+F,T4X>0 (25)
vXeUp(Xy); FuTX<0 (26)

T
F g X=0

Fig. 20 Plane not sepvarating two bodies

Fig. 21 Diffential rotation of separating plane
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IHBHLNTHS. LT, TEHOEBEYITEHRTS. b5
B FsuTX=0 o\,
IX,€eUs(Xe), 3IX,eUp(Xe);
FTX,>0, FyuTX,>0 @n
LEETS (Fig.208R). tnt %, ADEEEDOH
N AX=X,— X, kBB E LictT5E, (X Xo)
<6 LY ZTHhIIBUINERLT, FulX.=0 15hb,
FoTAX=FuTX,—F,TX;=F,TX,>0 . (28)
BRYID, A DEHEOBEREDOH X 12 Xc+4X
=X+ (X~ X)=X, X b X,€Up(X,) BEHT5D
T, 4dXeCOL(4,X,) THB. —F, AnEEkoK
B AX=X—X, It BEME LIc:T5E, chiFERE
R BUINERLT, '
F“TAX=F31,TXC——F”TX1=—F“TX1<0 (29
DI, e, Xy i3l Xe OEBREEThBZ AD
HEEEORELLD, Xy © 6 By UX;:6,)={X|
o(X, X)<0,} £k L,
38,5 U(X1:0)CUA(X) (30)
TH5H. D UX;:6) 12 Xy+4X=X,+(X.~X,)
=X, L b U(Xei0) w8815, cokE, BoSH
FirE X CEMLTHBEZ Enb,
3X; XeU(X:0)CUa(Xp), XeUp(Xy)
BD
LitbnT, 4XeCOL(A,X,) Th5. Uk,
FoTX=0 25 HEETRVWBEIL,
34X ; F,T4X>0, 4XeCOL(A, X,) (32)
34X ; FyT4X<0, AXsCOL(A, X))  (33)
THBHDT, (9) RIIRIZ Ligw. F-T, HEITEH
Ihic.
[E# 2] DEH
FsTX=0 » SAFE(4, X,) o ERiabicw LRET 7
5. Z0kE, —EEER>C L LE,
Vea,B, vV X,eUs(Xe),
VXyeUp(X,), TFTX=0;
FoT(a(X,—X)+B(X,— X)) >0 39
FTX,>0 and F,TX,<0 (35)
FgTX,#0 or FgTX,#0 (36)

FiX=0
/Xe % 330
FkX=0

B
Fig. 22 New separating plane
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PN DREHNRILT B edbOLELRETHS. Zhil,
FTX=0 offBosAcR LT, £0MA»bEE TOME
EEHIERIL D, FTX=0 13— Lt WA BEE FsTX
=0 XHEETS, LW &KHETHB. oL SKE
FoTX=0 Hin\ &, FTX=0 13 SAFE(A, X;) 0f
REPHBEE LTHLADHEHRRDLDOT, KECKTS.
ZZTIX, 2VDEHEAEDOWTRADERCHEH > T35
A X UHo2smy X, X, LLTESbDETS. ¥
T, Bl Xy A DSHEOEROBELELS.
3B4) b, a=—1, B=0 zxt LT,

FT(X,—X,)>0 37D
L BSYHEE FoTX=0 BT I LERDHB. ZDk
&,

Fo "X, =F,T(X,— X))+ Fs,T X, <0 (38)
tieh, Xy 3 ADEHEEOEROETHB DT, (35)
REFBELEVDIR, FaulX,=0 OPEDLTH 5.

=7, BX, B OSEEDOEREDROFELEZ
5 &, A a=1, B=0 X LT,

Fe,T(X;—X)>0 (39
LieBE Fol X=0 BVEETHLENDS. ZOLE,

FooT X =F5" (X, — X))+ FsT X >0 (40)
Eieh, XX BoOSHEDERDOETHHDT, (35)
REFBELRVDIL, 1) Fe ' X, =0 OBZ{DOART
55 X oW THABETHHDT, Zhit(36)Ric
FETHDT, ERORLIIBHI .

M, »H5FEE FTX=0 s SAFE(4, X;) OER
HRDHHETHB L E, 2H5HEEOThrOBERDOM
C —EBERRG3ERYSERVWERETS. 22T, =
DEH 2 HEEHEDWThADOER Lo sy X Ltz
BREUHARIToEY X1 L L, £5 ThWHAERZOD
HED X #BEBEOSY X, &<, 8 X 2FES
EL, 284 X, X, »UEGE e/ h, B FJIX
=0 A zy— FHEHILBFEREERYEL, UTZo®
BOERR OBER TR THZ LieTs. Z0LE,
(35) ARoF&H,

F,7X,>0 and F,7X,<0 (41)
wisd. o, F,7=001) Tthsr. s@hkihe L
CH FIX=0 %0 Mg L T5 & (Fig. 21
B2R), ToEHLECVEEDEEDS Xy= (%, ¥,
2) 1% :

1 0 0 Xy
X2=(0 cos @ —sinO)ng(ygcosﬁ) (42)
0 sinf cos 0 Yz sind
cBEHTS. Zo2 SHoEE,
0( Xz, X3)=yov2(T—cosB) 43)
TExbh5. ¥, RENLH X212 A, B OftED

BEriEy PELEE 984T

#4 OUT,4p(Xe) DEHDOT,

J02; U(X,:02)COUT 4, 8(Xe) (44
Thb. #€-T, 6=yv/2(A—cosB) Lixdtkic 6 %
EANE,

VX, 36; |0|1<6 = X,e0UT 5(Xs) (45)
ties. o€, H OF,7X=0% 60 @iE L 2HY
FsTX=0, F,’X=0 £ 3+ 5. Z0r&, (45) A»
B' .

(X|FsfX>0, F,TX<0}COUT,5(X) (46)
{X|FsTX<0, F,TX>0cOUT, (X)) (47)
Ly, BEERORED S FoTX=0, F,7X=0 387

WOT, (41) ReEETL,

Xe U (X)), FsfX<0 or XeUg(X,), FsTX>0
- (48)

LB E X 3EELEVDT, H FsfX=0 11220

SHEhosEmE s (Fig. 22 82R). MW F:TX=01%

RS, &5, dX=(dx, dy, 42) =

LT,

F,T4X=4z (49
FsT4X=—sinO@dy+cos Oz (50)
F,TAX=sinO®dy+cos O4z (61D

THBHDT, FBD 42>0 5P INERL st LT, O
BHH/NEL LT cosO>0 b,
FsfdX=—sin@dy+cos@dz>—sinO@dy  (52)
F,TAX=5sin®@dy+cosO©dz>sin Ody (53)
Eleh. -7,
VdA4X; F,T4X>0 —
FsTA4X>0 or F,T4X>0 (54)
MBIt A, Zhiz,
{4X|F,T4X>0}C
{4X|FsTAX>0 or Fg,74X>0} (55)
ZERLTEY, H F.7X=0 2 SAFE(4, X;) DR
ZRODETHHZ LFETSH. HEicky, &L
I .
[EH 3] DIEH
H X g LTu50RHONEOHE, ToOLHEE
D Xe DEHERTHEBOERO L, X BEER
DERTHDZ LREETS L,
€
X=(Xpn Xpo —Xp —Xi) z: (56)
€4
e >(=1,-,4) 67
LRED, T, X, Xo 3#EME FiTX=0 Lo
BT, Xop, Xop 1KY, LA bBAERD2H5TH
5. ZDEE, HHE FIX=0 RoREE 5 iHdic
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426 EEINBA #® F L E & BB =

i3, FTX=0 RADSEEOETH BHBAE3,
FTX,5,>0, FT(—X;)>0,
FTX3>0, FT(—X,5)>0 }
BBBETHB. LA, chboRrb
FTX,,=0, FsTX,,=0 (59)
ke, FIX =0\ B ticiEETH L, Fs=Fs
THHIENTNB. Fsuy"X=0 RBOSEEDE DS
ALRABERDT, HONETEMTIHEOGBLTS
hic. .
B X REMLTWADORBEDOHE, TOSHEED
X OREBHCETHEEOER DL,

X=Ctn X (P)+ K —Xa)(() 60

1
2

(58)

€16,=0 (61)
e, >00=1,:-,4) (62)
ThExbhD. ik, Xy, ToOEOE#HE (4)
RofRicERL LIc L &,
F\TX,,=0, F,7X,;>0 (63)
F\TX,>0, F)7X;,=0 64
FITXM:O: FzTXn:O (65)
Xp# X, (66)
AREEDHETHSL. ZoLE, HHE FTX=0
DI B 7 by, (59) R ERERC,
FsTXn:O 67

NBE T L2005, X BBEDOSENDL, Zhik
DEENZOBEXEULENDBZ LEERLTVS.
CORCEETSE, ZONBE X & 1 RN E
RoOBEOSX %SRBI, (60) Xhbd,

FsTX=FsT(Xu X12) (z:) =0 (68)

Lticd, CORREWT, FIX=03BETHDHZ &
b, —iEMERES Z i Lic FTX1 >0, F7X,>0
THbh, >0, 6,20 KEETH L,

FTX,,=0 or £,=0 (69)
and .
F,TX,,=0 or &,=0 (70)

Lich., LoAM, e=e=07%%, ZoHX13 Xy &
1REBRRIE->-TLES. #-T,
F"X,,=0 or FTX;,=0 71)

ThDHI LM E. UEick b, HMEE FTX=0
X E 1T EBEOERE LI bIE Xy T X
EUFEL I EARINEOT, BTEMT HHEOR
BRI hie. ‘

X CEMLTWSOREEADHE, TOSEED
X, OEges\ T, j&B (G=1,-,m) OELOERE
[2¥=1; &
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x=xn X (7) 2
£,>0(1=1,2) )]
EFEEB. TR, X Xpi2i BHEOEOS X &R
BETBE200BEOEEOET, B X LI3—FKLE

WEETB. ol E, bHEOME FIX=0 »j&B
DHEHDPEEDOEX &Ll biX,

FX=FI Xy Xw(()=0 4
tish, DEETHH Enb—MEETES T L LE,
FTX;>0, FTX3,>0ThD, e,=e,=07% & E Xe iz
—HLTLES T &nb, (T) ROFELAKKCLT,

FTX;,=0 or FTX;,=0 (75)
B DI, Hlbkick b, SBEE FTX=0 2 B0
HEOEEOEXZELOWE Xy 12k Xp #0TE
L EARINIDT, HETEMTIHEOMEILR
Ihi.
[EE 4] DIEH

B S OEEVWHEESR T P, P, tEXIhB2HY
WELTORATHHLTHE, OB EOEEDS
HHFFsHEE, (18) KX, (19) Rk b,

ET ((A=DP,+P) X ET
N M
o) :I’FsuT(EyT a-0P+PXENT (DY)
T BT ((@-0P P XEDT

>0, 0<t<1 (76)
tien, T, —MERERS LR LR, FRRCEKT
BEEROEYL Es, By, E; BRSO TORTH
Liee BHIC & > 70T, Fayy lHERAIC & 53 —E0fE
ThoH. Ftl, L3 F2—2ThH5. E;=Q1-0E;
+HE; BFCERELT, ThxBETS L,

A amorarn () erars( )

>0, 0<#<1 @D
Lis. FEMACKTIAREES AEREYEE LW
BE, oAz,

oones () smnl2)

i=1
>0, 0<#<L1 (78)
Eled. —7, WA T % HREMH,
’ .
O Farn(g)=0 @9
N
D Fan(4g )20 80

TE2Bh, ThbD2RBEMTHB EnDRHED
BIRIREERA S hic. BO%¥ER, MEOEHNLHED
NTH5%. :
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